We construct an infinite family of intriguing sets that are not tight in the Grassmann Graph of planes of PG(n, q), n ≥ 5 odd, and show that the members of the family are the smallest possible examples if n ≥ 9 or q ≥ 25.
Introduction
Let Γ = (X, E) be a connected regular graph of valency k ≥ 1. Then k is an eigenvalue of Γ, which will be called its trivial eigenvalue. Following De Bruyn and Suzuki [8] we call a set Y of vertices of Γ intriguing if there are integers x and x ′ such that every vertex of Y is adjacent to x ′ vertices of Y and every vertex of X \ Y is adjacent to x vertices of Y . If in addition Y = ∅, X, then Y is called a non-trivial intriguing set. It can be easily seen that a set Y with Y = ∅, X is intriguing if and only if its characteristic vector lies in the span of the all-one vector and an eigenvector λ of Γ, see for example Proposition 3.3 in [8] . In this case x ′ − x = λ. If λ is the largest or smallest non-trivial eigenvalue of Γ, then Y is called a tight set.
This definition of intriguing set is the culmination of almost three decades of research on a variety of topics, at first sometimes seemingly unrelated, that share, when formulated well, the property of a set X and Y as above. Included objects are Cameron-Liebler-line classes, introduced by Cameron and Liebler in 1982; tight sets of generalized quadrangles, introduced by Payne in 1987; m-ovoids of generalized quadrangles, introduced by Thas in 1989. The first unification of these objects was started by Bamberg, Law and Penttila [3] in 2009 (but the paper was submitted in 2004) where they introduce the concept of an intriguing set in a generalized quadrangle. Shortly thereafter Bamberg, Kelly, Law and Penttila further generalized this from generalized quadrangles to polar spaces [2] . Finally De Bruyn and Suzuki [8] provided the generalization to intriguing sets of graphs. Tight sets and intriguing sets have received a lot of attention in recent years; see for example [1, 6, 7, 10] .
We want to make the reader aware of the fact that the terminology of tight set in the previous paragraph, as used in [3, 2] , does not exactly coincide with the definition from [8] which we will be using in this paper. See also page two of [8] for a comment on how the definition of tight set has changed from [3, 2] to [8] .
Many examples of tight set are known, but the paper [8] does not mention any infinite family of non-trivial intriguing sets that are not tight. In this paper we will construct such a family in the Grassmann graph of planes of PG(n, q), n ≥ 5 odd, which is a distance regular graph of diameter 3. We also show for all odd n ≥ 9 that our example is the unique smallest example in the Grassmann graph. For n = 7 we conjecture that this is also true, but we are able to show this only if the order q of PG(q, 7) is at least 13. For n = 5, the Grassmann graph of planes of PG(n, q) has a smaller intriguing set that is not tight, which consists of the planes of an embedded symplectic polar space. We show for n = 5 and q ≥ 25 that there do not exist smaller examples, however, we are not able to exclude other intriguing sets of the same cardinality. Theorem 1.1. Let L be an intriguing set in the Grassmann graph of planes of PG(n, q), n ≥ 5, and suppose that L is not tight. Then the following results hold.
(a) If n ≥ 9 is odd, then |L| ≥ (q n+1 − 1)(q n−1 − 1) (q − 1)(q 2 − 1) with equality if and only if L consists of all planes of PG(n, q) that contain a line of a given line spread of PG(n, q). The same results holds for n = 7 if q ≥ 13.
(b) If n = 5 and q ≥ 25, then |L| ≥ (q + 1)(q 2 + 1)(q 3 + 1) and equality can be achieved by the set of planes of a symplectic polar space W (5, q) embedded in PG(5, q).
For n ≥ 6 even, we can prove better bounds but we do not have examples meeting the bound. In fact, we do not know of any intriguing set of the Grassmann graph of planes of PG(n, q), n even, that is not tight. Theorem 1.2. Let L be an intriguing set in the Grassmann graph of planes of PG(n, q) and suppose that L is not tight. If n = 6, then |L| ≥ (q + 1)
Throughout the paper we will use the following notation. For integers n ≥ k ≥ 0 the Gaussian coefficients are
Usually we will omit the subscript q and simply write n k . We also define θ n := n+1 1
for all integers n ≥ 1.
The paper is structured as follows: in Section 2 we provide examples of intriguing sets that are of interest to our results, in Section 3 we prove Theorem 1.1 for n ≥ 9 as well as Theorem 1.2, in Section 4 we prove Theorem 1.1 for n = 5, and finally in Section 5 we present the proof of Theorem 1.1 for n = 7.
Examples
First we give examples of intriguing sets in the Grassmann graph of planes of PG(n, q), n ≥ 5. This is a distance regular graph of diameter three and its three non-trivial eigenvalues are (Theorem 9.3.3 in [4] )
Recall that a set L of planes of PG(n, q) is an intriguing set of the Grassmann graph, if every plane of L meets the same number x ′ of planes of L in a line and every plane not in L meets the same number x of planes of L in a line. In this case x ′ − x is one of the eigenvalues λ 1 , λ 2 and λ 3 [8, Proposition 3.7] . Thus x ′ = x + λ i for some i ∈ {1, 2, 3}. Counting pairs (π, τ ) of planes that intersect in a line and such that τ ∈ L gives |L|x ′ + (
, so that |L| is uniquely determined by x and the eigenvalue λ i = x ′ − x. For the eigenvalue λ 2 we have
Example 2.1. If P is a point of PG(n, q), then the set consisting of all planes of PG(n, q) on P , n ≥ 5, is a tight set with x = θ 2 and x ′ − x = λ 1 .
Example 2.2. If H is a hyperplane of PG(n, q), then the set consisting of all planes of H is a tight set of PG(n, q) with x = θ n−3 and x ′ − x = λ 1 .
Example 2.3. Consider a line spread S of PG(n, q), n ≥ 5 odd. The set L of all planes of PG(n, q) that contain a line of S is an intriguing set with x = (q + 1)(q 2 + q + 1) and
Example 2.4. Consider the symplectic polar space consisting of the totally isotropic subspaces of a symplectic polarity of PG(5, q), and let L be the set of planes of W (5, q). This is an intriguing set of the Grassmann graph of planes of PG(5, q) with x := (q + 1) 2 and
To end this section, we give an example of intriguing sets that are not tight in a dual polar graph.
Example 2.5. Let Γ be the dual polar graph of W (5, q), that is the vertices are the planes of W (5, q) with two vertices adjacent if the corresponding planes meet in a line. Suppose that S is a line spread of W (5, q), that is, a set of lines of W (5, q) covering every point exactly once. The set L of all planes of W (5, q) that contain a line of S is an intriguing set with x := q 2 + q + 1 and
The graph Γ is distance regular of diameter three and −1 is its second smallest eigenvalue. Hence L is not a tight set.
Remarks 2.6. (a) We do not know in general of the existence of a line spread of W (5, q). Hering [9] constructed two line spreads of W (5, 3); see also Buekenhout [5] . John Bamberg informed us that W (5, q) in fact has over a thousand projectively inequivalent line spreads for q = 3 (computer search). However we do not know of any example for other values of q.
(b) Notice that a plane spread of W (5, q) is also an intriguing set of the dual polar graph of W (5, q), but this corresponds to the smallest eigenvalue, so a spread is tight.
3 General remarks on intriguing sets in the Grassmannian of planes
Let L be an intriguing set in the Grassmann graph of planes of PG(n, q) corresponding to the eigenvalue
Thus for some integer x > 0 we have that each plane that is not in L meets x planes of L in a line and each plane of L meets x ′ := λ 2 + x planes of L in a line. If n is odd, then an example with x = (q + 1)θ 2 is given in Example 2.3. We will show for odd n ≥ 9, that this is the smallest possible value for x. For n = 7 we will be able to prove this provided q ≥ 13. For n = 5 we have seen that x = (q + 1) 2 is possible (Example 2.4) and we shall also see that this is optimal. The cases q = 5 and 7 will be dealt with in the next two sections.
(b) Every point is contained in |L|θ 2 /θ n planes of L.
(c) Every hyperplane contains |L|θ n−3 /θ n planes of L.
Proof. (a) This we have seen in Section 2.
(b) Consider the set T of planes on a point. We have seen in Example 2.1 that T is a tight set for the eigenvalue λ 1 of the Grassmann graph of planes of PG(n, q). By hypothesis L is an intriguing set of the same graph for the eigenvalue λ 2 . Therefore it follows from Corollary 3.6 in in [8] that |L ∩ T | = |T | · |L|/ n+1 3 . (c) Consider the set T of planes in a hyperplane. This is a tight set for the eingenvalue λ 1 (Example 2.2), so it follows from Corollary 3.6 in [8] 
If some plane of L has the property that each of its lines lies in a plane that is not contained in L, then
Proof. Let π be a plane of L. Then π meets λ 2 + x other planes of L in a line, so some line ℓ of π lies in at least (λ 2 + x)/θ 2 further planes of L. By hypothesis, ℓ lies in a plane τ that does not belong to L. Then τ meets exactly x planes of L in a line, so it follows that (λ 2 + x)/θ 2 ≤ x − 1.
Lemma 3.4. Suppose that every plane of L has a line with the property that every plane on that line belongs to L. Suppose that x < qθ n−3 + (q + 1) 2 . Then n is odd, x = (q + 1)θ 2 and L is based on a line spread of PG(n, q), that is L consists of all planes containing a line of a given line spread.
Proof. In this proof we call a line of PG(n, q) a full line, if all θ n−2 planes on the line belong to L. By hypothesis, every plane of L contains a full line.
Assume some plane π contains two full lines ℓ 1 and ℓ 2 . Then π meets at least 2(θ n−2 − 1) other planes of L in a line. Hence 2(θ n−2 − 1) ≤ λ 2 + x. This is equivalent to x ≥ qθ n−3 + (q + 1)
2 . This contradicts the hypotheses of the lemma.
Hence every plane of π has a unique full line. Then the full lines form a partial spread F and L consists of the |F |θ n−2 planes containing a line of F . Consider a line ℓ ∈ F . If a plane π on ℓ meets exactly c lines of F \ {ℓ}, then π meets exactly θ n−2 − 1 + c(q + 1) planes of L in a line, since each of the c lines lies on q + 1 planes that meet π in a line. This shows that c is independent of π. Since the lines in F \ {ℓ} cover (|F | − 1)(q + 1) points and ℓ lies on θ n−2 planes, we see that c = (|F | − 1)(q + 1)/θ n−2 . As each plane of L meets exactly
2 , it follows that
Combining |L| = |F |θ n−2 and (1) gives x = |F |(q + 1) 2 θ 2 /θ n . Then (2) implies that |F | = θ n /(q + 1) and x = (q + 1)θ 2 . Hence n is odd, F is a spread of PG(n, q), and L is based on this spread.
Proof. The first statement follows from the fact that when n is even, L cannot be based on a line spread, and hence by the two previous lemmas x ≥ min((λ 2 + 1)/(q 2 + q) + 1, qθ n−3 + (q + 1) 2 + 1) = qθ n−4 /(q + 1). The second statement follows from Corollary 3.2.
Theorem 3.6. If n ≥ 9 is odd, then x ≥ (q + 1)θ 2 and equality implies that L is based on a line spread.
For n = 7 the above arguments only show x ≥ q 3 + q. It will take considerably more effort in Section 5 to show that the theorem also holds for n = 7 and we can show this only for q ≥ 13. For n = 5, the theorem does not remain true, since the set of all planes of a symplectic polar space W (5, q) embedded in PG(5, q) provides an intriguing set for the eigenvalue λ 2 with x = (q + 1)
2 . This case is handled in Section 4.
The case n = 5 and planes of W (5, q)
In this section L denotes a non-trivial intriguing set of planes of P G(5, q) corresponding to the second non-trivial eigenvalue λ 2 := q 3 − q − 1 of the Grassmann graph. Hence there exists an integer x > 0 such that |L| = x(q 2 + 1)(q 2 − q + 1), every plane of L meets λ 2 + x planes of L in a line, and every plane not in L meets x planes of L in a line. Examples are given in 2.4 and 2.3. In the example of 2.4 we have x = (q + 1)
2 and we will show in this section that x can not be smaller. More precisely we will prove the following theorem.
Theorem 4.1. Let L be a set of planes of PG(5, q) with q ≥ 25 such that L is not empty and does not contain all planes of PG(5, q). Suppose that there exists an integer x > 0 such that
every plane of L meets λ 2 + x planes of L in a line, and every plane not in L meets x planes of L in a line. Then x ≥ (q + 1) 2 . Also, if x = (q + 1) 2 , then one of the following holds.
(a) There exists a solid S of PG(5, q) such that every plane of S belongs to L, and every plane of L is contained in S or meets S in exactly one point, or, dually, there exists a line ℓ of PG(5, q) such that all planes on ℓ belong to L, and every plane of L contains ℓ or is skew to ℓ.
(b) Every line and every solid is incident with either 0 or q + 1 planes of L.
Remark 4.2. We do not know whether (1) can happen. The planes of an embedded symplectic polar space provide an example with x = (q + 1) 2 that satisfies (2).
We prove this theorem in a series of lemmas. Throughout we assume that L is a set of planes of PG(5, q) as in the theorem and that
Lemma 4.3. Every point and every hyperplane is incident with exactly (q 2 + 1)x/(q + 1) planes of L. Hence q + 1 divides 2x.
Proof. This is a special case of Lemma 3.1 (b) and (c).
Lemma 4.4. Let S be a solid, β the number of planes of L in S and z the number of planes of S meeting S in a line. Then z = (q 2 + 1)x − β(q + 1).
Proof. By Lemma 4.3, each of the q +1 hyperplanes on S contains (q 2 +1)x/(q + 1) planes of L and all these planes lie in S or meet S in a line. Conversely, the β planes of L contained in S lie in all of these q + 1 hyperplanes, whereas the z planes of L that meet S in a line, lie in exactly one of these. Hence (q 2 + 1)x = (q + 1)β + z.
Lemma 4.5. (a)
Suppose that there exists a solid S that is incident with more than x planes of L. Then x = (q + 1) 2 and every plane of S is contained in L. Also every plane of L that is not incident with S meets S in a point.
(b) Suppose that there exists a line ℓ that is incident with more than x planes of L. Then x = (q + 1) 2 , every plane that contains ℓ lies in L. Also, every plane of L that does not contain ℓ is skew to ℓ.
Proof. Since (a) and (b) are dual statements, it suffices to prove (a). Suppose therefore that there exists a solid S such that more than x planes of L are contained in S. As every plane that is not in L meets exactly x planes of L in a line, it follows that all planes of S belong to L. Since all θ 3 planes of S belong to L, Lemma 4.4 and (3) imply that x = (q + 1) 2 and that there does not exist a plane in L that meets S in a line.
The statement of the previous lemma describes the situation of (a) in Theorem 4.1. In order to prove Theorem 4.1 we can therefore assume from now on that every line and every solid is incident with at most x planes of L. By β we denote the largest integer such that there exists a solid or a line that is incident with exactly β planes of L. Then
Here β ≥ 2 holds, since every plane of L intersects λ 2 + x > 0 planes of L in a line. We remark that the properties of L are selfdual, that is, L as a set of planes of the dual projective space has the same properties. Hence, by switching to the dual space, if necessary, it would be no loss of generality to assume that there exists a solid with β planes of L. We will do so later.
Lemma 4.6. Suppose that S is a solid that contains β planes of L. Let α be an integer with 2 ≤ α ≤ β, and let π 1 , . . . , π α be planes of L that are contained in S. Let G be the set of lines of S that are incident with at least two planes of {π 1 , . . . , π α }. For l ∈ G let w l be the number of planes of {π 1 , . . . , π α } that contain l and let g l be the number of planes π of L with π ∩ S = l.
and equality implies that every line of S that lies in a plane of L is a line of one of the planes π 1 , . . . , π α .
Proof. (a) Count triples (π i , π j , l) with i = j and lines
(b) Let X be the set of all lines that lie in at least one of the planes π i and define w l and g l for l ∈ X as they are defined for l ∈ G. Then G ⊆ X. We count triples (i, l, τ ) ∈ {1, . . . , α} × X × L such that τ ∩ S = l ⊆ π i . Each plane π i meets x + λ 2 planes of L in a line and exactly β − 1 of these lie in S. Hence, each i occurs in exactly x + λ 2 + 1 − β such triples. Each line of X occurs in exactly w l g l such triples. Hence
Since l∈X g l is the number of planes L that meet S in a line of X, the statement now follows from Lemma 4.4. Proof. For each solid S denote by t S the number of planes of L contained in S. As every plane of L is incident with θ 2 solids, then S t S = |L|θ 2 . Counting triples (π, π ′ , S) of different planes π, π ′ ∈ L such that π ∩ π ′ is a line and S is the solid spanned by π and π ′ gives S t S (t S − 1) = |L|(λ 2 + x), since every plane of L meets λ 2 + x planes of L in a line. Put c := max{t S | S is a solid}. Then
. Hence, we have equality. Therefore Lemma 4.6 shows that every plane of L that meets S in a line has the property that this line lies in at least one of the planes π i . Consider a plane τ of S that does not belong to L. Then each plane of L that meets τ in a line meets it in one of the lines π i ∩ τ . Since every line lies in at most q + 1 planes of L, it follows that τ meets at most Proof. By passing through the dual space, if necessary, we may assume that some solid S contains β planes of L. We know from the previous lemma that β ≥ q + 1. Let α be an integer with q + 1 ≤ α ≤ β and let π 1 , . . . , π α be α different planes of L that are contained in S. We will apply Lemma 4.6 to these planes using that every line is contained in at most β planes of L. Hence in Lemma 4.6 we have g l ≤ β − w l for l ∈ G, which implies, using part (a) of Lemma 4.6, that
Therefore part (b) of Lemma 4.6 gives
Case 1. We assume that β < 2q. In this case we choose α = β and find
Since λ 2 = q 3 −q−1 and x ≤ (q+1) 2 , it follows that f (β) ≥ 0 for the polynomial f defined by
As q ≥ 4 we have f (q + 2) = −(q 3 − q 2 − 2q − 2)/2 < 0 and f ′ (x) = −q 3 − (q + 1) 2 + 3 2 x 2 − x < 0 for q + 2 ≤ x < 2q. Hence f (x) < 0 for all x ∈ R with q + 2 ≤ x < 2q. Since f (β) ≥ 0 and since we assume that β < 2q in this case, it follows that β ≤ q + 1, and hence, using Lemma 4.7, that β = q + 1.
Case 2. We assume that β ≥ 2q. Then we choose α = 2q. Since λ 2 = q 3 − q − 1 and x ≤ (q + 1) 2 we find from (7) 2q(q
For q ≥ 4, this gives β > (q 2 + 4)/2. Hence β ≥ Lemma 4.9. Suppose that q ≥ 4 and that is a solid that contains β planes of L. There exists a plane τ 0 ∈ L that lies in S, three distinct lines ℓ 1 , ℓ 2 and ℓ 3 of τ 0 , and an integer γ ≥ β(q 3 − q − β − x) (q 2 + 1)x − (q + 1)β such that each line ℓ 1 , ℓ 2 and ℓ 3 lies on at least γ planes of L that are contained in S.
Proof. Let T be the set of the β planes of S that are contained in L, and let X be the set of all planes π of L for which S ∩ π is a line. Lemma 4.4 shows that n := |X| = (q 2 + 1)x − (q + 1)β. Each plane of T meets x + λ 2 planes of L in a line, and exactly x + λ 2 + 1 − β of these planes are of X. Hence there are exactly β(x + λ 2 + 1 − β) pairs (τ, π) ∈ T × X such that π ∩ τ is a line. Put X = {π 1 , . . . , π n } and let γ i be the number of planes in T that contain the line S ∩π i . We may assume that γ i ≥ γ j for i ≤ j. We have β(x+λ 2 +1−β) = γ i .
From (3) and (4) and q ≥ 4 we have λ 2 = q 3 − q − 1 > 2(q + 1) 2 ≥ x + β. Hence γ i > 2βx and thus there exists a smallest positive integer s such that
As s ≥ 1 and λ 2 = q 3 − q − 1, it follows that β(q 3 − q − β − x) ≤ nγ, that is γ satisfies the inequality in the statement.
Since s i=1 γ i > 2βx, there are more than 2βx pairs (τ, π) with τ ∈ T and π ∈ {π 1 , . . . , π s } such that τ ∩π is a line. Since |T | = β it follows that there exists a plane τ ∈ T that occurs in more than 2x pairs (τ, π) with π ∈ {π 1 , . . . , π s }. Since each line lies in at most x planes of L, each line of τ lies in at most x of the planes of {π 1 , . . . , π s }. It follows that τ meets three planes π i , π j and π k with 1 ≤ i < j < k ≤ s in distinct lines. Then γ i , γ j , γ k ≥ γ s = γ, so each of these three lines of τ lies in at least γ planes of T . Lemma 4.10. Suppose that S is a solid that contains β planes of L, let τ be one of these planes, let ℓ 1 , ℓ 2 and ℓ 3 be three distinct lines of τ , and suppose that γ ≥ 3 is an integer such that each of these three lines lies in at least γ planes of L that are contained in S. Then
Proof. Put α = 3γ − 2 and consider α planes π 1 , . . . , π α ∈ L of S such that π 1 = τ and such that each line ℓ i lies in exactly γ of these planes. We will apply Lemma 4.6 and use the notation there. We distinguish two cases in order to give an upper bound for the sum (w h − 1)g h in (5).
Case 1. The three lines ℓ i contain a common point P of τ . Then w ℓi = γ and w h ≤ 3 for every other line h of G. The sum h∈G g h is the number of planes of L that meet S in a line of G. Since all lines of G contain P and since P lies on at most θ 3 planes of L (Lemma 4.3), we see that the sum is at most θ 3 − α.
Since every line lies in at most β planes of L, we have g ℓi ≤ β − γ. Hence
Case 2. The three lines ℓ i form a triangle with three intersection points P 1 , P 2 , P 3 in τ . Then w ℓi = γ and w h = 2 for every other line h of G. The sum h∈G g h is the number of planes of L that meet S in a line of G. All lines of G contain one of the points P 1 , P 2 and P 3 . Each of these points P i lies in at most θ 3 planes of L (Lemma 4.3) and lies on exactly 2γ − 1 of the planes π 1 , . . . , π α . It follows that h∈G g h is at most 3(θ 3 − (2γ − 1)) − g ℓ1 − g ℓ2 − g ℓ3 . Since every line lies in at most β planes of L, we have g ℓ1 ≤ β − γ. Hence
As α = 3γ − 2, the bound in Case 2 is weaker than the one in Case 1, so we can continue with the bound in Case 2, which we write in the following form
With this bound we apply (5) of Lemma 4.6. As α = 3γ − 2 this gives
As γ ≥ 3 and λ 2 = q 3 − q − 1, this proves the assertion of the lemma. Proof. We may assume that there exists a solid with β planes of L. Since β ≤ x ≤ (q + 1) 2 , Lemma 4.9 gives an integer
2 ) (q 2 + 1)(q + 1) 2 − (q + 1)β such that S has a plane and three lines in that plane that lie each on at least γ planes of L that are contained in S. Assume that β ≥ 1 2 (q 2 + 5). Since q ≥ 25, it follows that
Lemma 4.10 gives the upper bound
Since each line of S lies on at most q + 1 planes of S, then γ ≤ q + 1 and hence 3γ − 2 ≤ 3q − 1 ≤ q 2 + 1, that is the coefficient of x on the right hand side is larger than the one on the left hand side. Since x ≤ (q + 1)
Multiplying this with the denominator of f (β) gives g(β) ≥ 0 for the polynomial Since q ≥ 25 we see that f (
2 ) < 0 and f ((q + 1) 2 ) < 0 and hence f (y) < 0 for all y with
≤ β ≤ (q + 1) 2 and g(β) ≥ 0, this is a contradiction. 2 and that every line and solid is incident with at most x planes of L. We have seen that this implies that every line and every solid is incident with either 0 or q + 1 planes of L. Suppose for every solid with q + 1 planes of L that these q + 1 planes contain a common line. Then we will show that L is the set of planes of an embedded symplectic polar space W (5, q). We were not able to prove this without the extra condition on how the planes contained in a solid intersect. We present this result as a theorem below.
Theorem 4.14. Suppose that x = (q + 1) 2 and that every line and solid is incident with at most x planes of L. Suppose for every solid with q + 1 planes of L that these q + 1 planes contain a common line. Then L is the set of planes of an embedded symplectic polar space W (5, q).
Proof. First note that the condition on x implies that every line and every solid is incident with 0 or q + 1 elements of L. Now consider the point-line geometry W with point set the points of PG(5, q) and line set the lines that are contained in a plane of L.
We will show that W satisfies the one-or-all axiom. Let P be any point and ℓ any line of W not through P . If P and ℓ are incident with a common element of L, then obviously P is collinear with all points of ℓ in W. So suppose that no such element of L exists. Consider any plane π of L through ℓ, then the solid spanned by π and P must contain exactly q + 1 planes of L on a common line ℓ ′ distinct from ℓ. Exactly one of these planes will contain P , and hence gives rise to a line of W through P intersecting ℓ. So there is at least one point on ℓ collinear with P . Since ℓ is contained in a plane of L, it is contained in exactly q + 1 planes of L. The solid spanned by any two of these planes then must contain exactly q + 1 planes on a common line, which must be ℓ. Hence the q + 1 planes on ℓ are contained in a solid. Denote by ℓ ⊥ the unique solid containing the q + 1 planes of L on ℓ. Because every point is contained in θ 3 planes of L, and every line of W is contained in q + 1 planes of L, we see that every point is incident with θ 3 lines of W. Hence exactly (q + 1)(θ 3 − θ 2 ) lines of W not contained in ℓ ⊥ intersect ℓ in a point. These lines cover at most q(q + 1)(θ 3 − θ 2 ) = θ 5 − θ 3 points not contained in ℓ ⊥ . However, by the previous argument, each of the θ 5 − θ 3 points not in ℓ ⊥ are contained in at least one of these lines. Hence the point P is on a unique line of W that intersects ℓ. We conclude that W satisfies the one-or-all axiom. It now easily follows that W is an embedded symplectic polar space W (5, q), and that L is the set of planes of this polar space.
The case n = 7
In this section L denotes an intriguing set of planes of P G(7, q) corresponding to the second non-trivial eigenvalue λ 2 = q 5 + q 4 + q 3 − q − 1 of the Grassmann graph. Hence
for some integer x. We shall show in this section that whenever q ≥ 13 then x ≥ (q + 1)(q 2 + q + 1) with equality only if L is based on a line spread as in Example 2.3.
Recall that every plane of L meets λ 2 + x planes of L in a line and that every plane not in L meets x planes of L in a line. We call a line of PG(7, q) a full line, if all planes on that line belong to L. Throughout we assume that x ≤ (q + 1)(q 2 + q + 1). Notation. If a line ℓ is not a full line, then we denote by x − δ ℓ the number of planes of L that contain ℓ.
Lemma 5.2. Let π be a plane of L and suppose that no line of π is a full line. Then
where the sum is over all lines g of π.
In particular x ≥ q 3 + q.
Proof. Since π meets λ 2 +x planes of L in a line, we have λ 2 +x = (x−1−δ g ), where the sum is over the lines g of π.
Lemma 5.3. Suppose that (S ∪ T, E) is a bipartite graph with |S| = |T | = q and c is its matching number. Then the graph has at most cq edges. Proof. The planes π 1 and π 2 meet in a line ℓ and span a solid S. Let s be the number of planes of L that are contained in S. Let M be the set consisting of all planes of S that do not contain the line ℓ.
Let P be a point of ℓ. Let c be the largest number such that there exist planes
shows that the number of planes of M \ L on P is at most qc. Hence P lies in at least q(q − c) planes of M ∩ L.
Suppose that c ≥ 1 and consider an index i with 1 ≤ i ≤ c. The plane τ i meets exactly x planes of L in a line and s of these planes lie in S. On the other hand, the line g 1 := τ i ∩ π 1 lies on x − δ g1 planes of L and at most q of these lie in S. The same holds for the line g 2 := τ i ∩ π 2 . Hence the plane τ i meets at least s + (x − q − δ g1 ) + (x − q − δ g2 ) planes of L in a line. It follows that
If P 0 , . . . , P q are the points of ℓ, and if we define c i for P i as we defined c for P , then we have shown that at least q i=0 q(q − c i ) of the q 3 + q 2 planes of M are planes of L and that the sum δ g over all lines g of π 1 and of π 2 with g = ℓ is at least 
We also know that
If we put s = q 2 (q + 1) − y, then q c i ≥ y and hence
As y ≤ q 2 (q + 1), this remains true, if we replace x by its upper bound (q + 1)θ 2 . Simplifying the resulting expression gives
For q ≥ 4, it follows easily that y < 2q 2 + 2q + 5.
Lemma 5.5. Let S be a solid and let s be the number of planes of L that are contained in S.
(a) If g is a line of S such that some plane of S on g does not belong to L, then δ g ≥ s − q.
(b) If g is a line of S that is not full but meets a full line of S, then δ g ≥ s+q 2 .
Proof. (a) Let π be a plane of S on g with π / ∈ L. Let c be the number of planes of L that lie in S and contain g. The plane π meets x planes of L in a line. Of these, exactly s lie in S. Hence, g lies on at most x − s + c ≤ x − s + q planes of L. Therefore δ g ≥ s − q.
(b) Let h be a full line of S meeting g and let π be the plane spanned by g and h. Let c be the number of planes of L that lie in S and contain g. As π contains a full line, then π ∈ L and hence π meets λ 2 + x planes of L in a line. Exactly q 5 + q 4 + q 3 + q 2 of these meet S in the full line h. Another s − 1 of these lie in S. Also x − δ g planes of L contain g and c of these are contained in S. Hence
Lemma 5.6. If a solid contains at least three full lines and a plane of L without a full line, then the solid contains at most
Proof. Let s be the number of planes of L that lie in S. Consider a plane π ∈ L that lies in S and has no full line. As full lines are mutually disjoint (Lemma 5.1), the three full lines meet π in three different points and thus π contains at least 3q lines g containing one of these points. For these lines g we have δ g ≥ s+q 2 by Lemma 5.5. Therefore Lemma 5.2 shows that 3q(s + q 2 ) ≤ q(q + 1)(2q 2 + q + 1). Solving for s proves the assertion. Lemma 5.8. Suppose that q ≥ 4 and that V is a 4-space that contains at least two rich solids. Then V is a rich 4-space.
Proof. Let S 1 and S 2 be rich solids of V and π the plane in which they meet. There are θ 2 q 2 pairs (τ 1 , τ 2 ) with planes τ 1 = π of S 1 and τ 2 = π of S 2 such that the lines π 1 ∩ π and π 2 ∩ π are the same. Each of the q 4 + q 3 + q 2 solids of V not containing π is spanned by the two planes of such a pair. Also, if the two planes τ 1 and τ 2 are planes of L without a full line, then the solid they span is a rich solid (Lemma 5.7). Since all but at most 2q 2 + 5q + 8 planes and as many planes of S 2 do not have this property and each occurs in exactly q pairs, it follows that at most 2(2q 2 + 5q + 8)q of the solids of V that do not contain π are not rich. From the q + 1 solids of V that contain π at least S 1 and S 2 are rich, so at most q − 1 are not rich. Hence V has at most 4q 3 + 10q 2 + 17q − 1 solids that are not rich.
Lemma 5.9. Suppose that q ≥ 4 and that F is a 5-space that contains at least two rich 4-spaces. Then F is a rich 5-space.
Proof. This is a very similar argument. Consider two rich 4-solids of F and their intersection S. Then q 5 + q 4 + q 3 + q 2 4-spaces of F do not contain S and at most 2(4q 3 + 10q 2 + 17q − 1)q of these are not rich. Since S lies in q + 1 4-spaces of F and two of these are rich, this proves the assertion.
Lemma 5.10. Suppose q ≥ 13. Then there does not exist a rich 5-space.
Proof. Suppose that F is a rich 5-space. We count triples (π, S, V ) of planes π ∈ L, rich solids S and rich 4-spaces V with π ⊂ S ⊂ V ⊂ F in two ways. By choosing first V , then S and then π, Lemma 5.9, 5.8 and 5.7 show that the number of these triples is at least (θ 5 − (8q 4 + 20q 3 + 34q 2 − q − 1)(θ 4 − (4q 3 + 10q 2 + 17q − 1))(θ 3 − (2q 2 + 5q + 8)).
Lemma 3.1 shows that each hyperplane contains exactly xθ4θ5 (q+1) 2 θ2 planes of L. Hence F contains at most xθ4θ5 (q+1) 2 θ2 planes of L. A plane of F lies in θ 2 solids of F and a solid of F lies in q + 1 4-spaces of F . As x ≤ (q + 1)θ 2 , it follows that the number of triples we are counting is at most θ 2 θ 4 θ 5 . Comparing the lower and upper bound for the number of triples gives a contradiction for q ≥ 11.
We finally show that the absence of rich 5-spaces implies that every plane of L contains a full line. If τ is a plane of L on g that contains a full line h, then h meets g and τ is spanned by g and h. Since the full lines are mutually skew, we see that at most q + 1 of the planes on g contain a full line. Hence g lies on at least q 3 − 1 planes of L that do not contain a full line. Since q ≥ 13, then q 3 − 1 > q 2 + q + 1 and hence these planes can not all be contained in a 4-space on g, since such a 4-space contains only q 2 + q + 1 planes on g.
Hence we find four planes π 1 , π 2 , π 3 , π 4 ∈ L on g that do not contain a full line and such that these four planes span a 5-space F . It follows from Lemma 5.7 that any two of these planes span a rich solid. Therefore Lemma 5.8 shows that any three of these four planes span a rich 4-space. Then Lemma 5.9 shows that F is a rich 5-space. This contradicts Lemma 5.10.
Lemma 3.4 now finishes the proof of Theorem 1.1
Final Comments
In this paper we constructed the first infinite family of intriguing sets that are not tight, and as the results indicate, the extremal examples are related to interesting geometric structures such as the symplectic polar space W (5, q) and line spreads. However an abundance of questions remain:
• Are there examples of intriguing sets that are not tight in the Grassmann graph of planes of PG(n, q) when n is even?
• Are there examples of intriguing sets that are not tight in the Grassmann graph of k-spaces of PG(n, q) when k > 2?
• More generally, what about infinite families of intriguing sets that are not tight in distance regular graphs?
